arXiv:gr-qc/0512153vl 27 Dec 2005 
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In this letter, Parikh-Wilczek tunnelling framework, which treats Hawking radiation as a 
tunnelling process, is extended, and the emission rate of a charged particle tunnelling from the 
Kerr-Newman black hole is calculated. The emission spectrum takes the same functional form as 
that of uncharged particles and consists with an underlying unitary theory but deviates from the 
pure thermal spectrum. Moreover, our calculation indicates that the emission process is treated as 
a reversible process in the Parikh-Wilczek tunnelling framework, and the information conservation 
is a natural result of the first law of black hole thermodynamics. 
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I. INTRODUCTION 


In 2000, Parikh and Wilczek proposed an approach to calculate the emission rate at which particles tunnel across 


the event horizony|. They treat Hawking radiation as a tunnelling process, and the WKB method is used 


. In 


this way a corrected spectrum, which is accurate to a first approximation, is given. Their results are considered to 
be in agreement with an underlying unitary theory. Following this method, a lot of static or stationary rotating 
black holes are studied |j, IM la III la Isl lid lUl ll^ lldj ll4 ■ The same results, that is, Hawking radiation is no longer 
pure thermal, unitary theory is satisfied and information is conserved, are obtained. In this letter, we extend the 
Parikh-Wilczek tunnelling framework to calculate the emission rate of a charged particle from the Kerr-Newman black 
hole. We will treat the charged particle as a de Broglie wave. There are two difficulties to overcome. The first is that 
in order to do a computation, one need to find the equation of motion of a charged massive tunnelling particle. The 
second is how to take into account the effect of the electromagnetic field outside the hole. In fact, the first problem 
is solved in Ref. In similar manner we can obtain the concrete expression of the equation of motion. About the 
second problem, we find that in our discussion the Lagrangian density of the electromagnetic field can be expressed 
by a set of generalized coordinates = {At, Ai A 2 A 3 ). But these coordinates are ignorable coordinates in dragged 
coordinate system. To eliminate the freedoms corresponding to these coordinates, we modify the Lagrangian function 
and use the WKB method to get the corrected emission spectrum. 

The remainder of the letter is organized as follows. In section 2, we introduce the Painleve-Kerr-Newman coordinate 
system, calculate the phase velocity of the de Broglie wave, and therefore obtain the equation of motion of a charged 
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particle. In section 3, we modify the Lagrangian function and use Parikh-Wilczek tunnelling framework to get the 
corrected emission spectrum. Finally, in section 4, we present a short discussion about our result. Throughout the 
paper, the geometrized units {G = c = h= 1) are used. 


II. PHASE VELOCITY AND ELECTROMAGNETIC POTENTIAL 


The line element of the Kerr-Newman black hole can be written in the form 


HQ 


2 ,, 2Mr-(5^,,^2 1 2 2 7/i 2 r/ 2 2 \ • 2 /i {2Mr - sin^ 9 , 

^ -)dtl + + p^dO^ + [{G + a^) sin^ 9 + f ^ - ]d(p^ 


ds^ = —(1 — 


P 

2{2Mr — Q'^)a sin^ 9 


dtkd(p, 


( 1 ) 


where 


p^ = G + cos^ 9, 

A = - 2Mr. 


The event horizon r = rjj is given by 


rH=M+ v'M2 - a2 - Q2, 

and the 4-dimensional electromagnetic potential is 

Aa = -p~'^Qr[{dt)a - a sin^ 9{d(p)a]- 

To calculate the emission rate, we should adopt the dragged coordinate system^^. The line element in this coordinate 
system is 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


ds^ = — 


^ ^ 2 + P^d9^ 


(r2 -I- o2)2 — Aa2 sin^ 0 “ A 

= gmdtl + giidr'^ -b g22d9'^. 


where 


5oo = 


p^ IS. 


(r2 -b a2)2 — Aa2 sim 9 


( 6 ) 


( 7 ) 


511 = 


A’ 


( 8 ) 


522 = P^ ■ 


( 9 ) 


Since 


d d d 


( 10 ) 
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we can easily obtain the components of the electromagnetic potential in the dragged coordinate system 

^0 = = -P~^Qr[l - af^sin^^], A[ = A!, = 0, 

Old 


( 11 ) 


where 17 = — 503/533 is the dragged angular velocity. As discussed in there is a coordinate singularity in the metric 
® at the radius of the event horizon. To calculate the emission rate, we should introduce the Painleve-Kerr-Newmang 
coordinate system. 


The line element in the Painleve-Kerr-Newman coordinate system is given in Ref. [ 1 ^. Namely, 

ds'^ = goodt^ + 2\/5oo(1 - gii)dtdr + dr'^ + [gooG{r, 6»)^ + 522 ]^^'^ 

+ 2gooG{r, 9)dtd9 + 2-\/goo(l - 5 ii)G'(r, 9)drd9, 

which is obtained from by the coordinate transformation 

dtk = dt + F{r, 9)dr + G'(r, 9)d9, 

where F{r,9) satisfies 

511 +gooF{r,9)'^ = 1, 

and G{r, 9) is decided by 

dF{r, 9) 


G{r,9)= J ^£^dr + G{9), 


( 12 ) 


(13) 


(14) 


(15) 


here, G{9) is an arbitrary analytic function of 9. 

The components of the electromagnetic potential in the Painleve-Kerr-Newman coordinate system is 

Aq = —p~^Qr[l — al7sin^ 0], 

From 03 we obtain the electromagnetic potential on the event horizon 

Qrn 


Ai — A 2 — 0. 


Aolra — —Vo — -- 


A-i — A 2 — 0. 


(16) 


(17) 


Similar to Ref. 
Namely, 


Q, 


’ H 


we treat the charged particle as a de Broglie wave and we can easily obtain the expression of r. 
I 500 A / 


2 5oi 


(18) 


' V ( 5 ^ — A)[(r2 + — Aa^ sin^ 9\ 

Note that to calculate the emission rate correctly, we should take into account the self-gravitation of the tunnelling 
particle with energy uj and electric charge q. That is, we should replace M and Q with M — lo and Q — 5 in 03 and 
03 , respectively. 


III. EMISSION RATE 

When we investigate a charged particle’s tunnelling, the effect of the electromagnetic field should be taken into 
account. That is, the matter-gravity system consists of the black hole and the electromagnetic field outside the hole. 
We write the Lagrangian function of the matter-gravity system as 

L = Lm + Te, (19) 
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where Le = is the Lagrangian function of the electromagnetic field corresponding to the generalized 

coordinates A^j, = {At, 0, 0) in the Painleve-Kerr-Newman coordinate system [l^ . When a charged particle tunnels 

out, the system transit from one state to another. But from the expression of Le we find that Afj_ = {At, 0, 0) is 

an ignorable coordinate. Moreover, in the dragged coordinate system, the coordinate tp does not appear in the line 
element expressions and m- That is to say, (p is also an ignorable coordinate in the Lagrangian function L. To 
eliminate these two freedoms completely, the action for the classically forbidden trajectory should be written as 


S = 


{L - PAtAt - Pip(p)dt, 


which is related to the emission rate of the tunnelling particle by 


-2ImS 


Therefore, the imaginary part of the action is 

r^f 


lmS = 


Im{ / [Pr 

J r,: 


r ~ e 


PAt^t Pipip 


( 20 ) 


( 21 ) 


]dr} 


= Im{ III dP^- —dP^^ - -dP,^]dr}, 

'( 0 , 0 , 0 ) 


( 22 ) 


r’'/ fiPr-,PAt,PA 

dP^ - 

r r 

where PAt and Pip are the canonical momentums conjugate to At and tp, respectively. If we treat the black hole as a 
rotating sphere and consider the particle self-gravitation, we have 


(p = 




(23) 


and 


J' = {M - u;')a = P^p, (24) 

where 12^ is the dragged angular velocity of the event horizon. The imaginary part of the action can be rewritten as 

(25) 


prs AP,-,PA-t,J-i^a) 

Im S' = Im{ / [ / 

Jri J( 0 , 0 ,J) 


dP^ — ^dPj^ — ^^dJ']dr}. 
r r 


We now eliminate the momentum in favor of energy by using Hamilton’s equations 


■ _dH _ d{M - oj') _ dM' 

^ ~ \{r\At,PAt-,V,PA~ 


dPr 


dPr 


(26) 


At = 


dH , Vf^dQ' _ {Q - q')rH d{Q - q') 


\(At-,r,Pr-,t^,Pip)~ 


(27) 


dPA, + dPA, 

Note that to derive llTTIl we have treated the black hole as a charged conducting sphereQ. 

Based on similar discussion to Q, Q| j it follows directly that a charged particle tunnelling across the event horizon 
sees the effective metric of Eq. although with the replacements M ^ M — ui' and Q Q — q' . The same 

substitutions in Eq. m yield the desired expression of f as a function of to' and q' . Thus, we can rewrite (123) in the 
following explicit manner 


/•’■/ r 2\/ (p 2 — A')[(r2 -|- a^)^ — A'a^ sin^ 9] n'P 

ImS = Im/ \l^ -- -{dM'--^^. 




dQ' - n'HdJ')]dr. 


' H 


(28) 
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where 


A = + Q'^ — 2M'r = (r — r_^_){r — r_), 


(29) 


r(j_ = (M — co') ± \/(M — a;')2 — a'^ — (Q — q')'^, 


(30) 


n=M + v'M2 - o2 - 


(31) 




= M - + v'(M-w)2 -a2 - (Q-g)2. 


(32) 


We see that r = r(^ = (M — w') + (M — a;')2 — a'^ — (Q — q'Y is a pole. The integral can be evaluated by deforming 
the contour around the pole, so as to ensure that positive energy solution decay in time. Doing the r integral first we 
obtain 


ImS” = —- 


1 r(M-u^,Q-q) 47r(M'2 + - a? - Q'2 - iQ'2) ^ 


'(M.Q) 


\/M'2 - a2 - Q'- 


(dM' - 2 ^ dQ' - n'HdJ')dr. (33) 

+ a2 


Finishing the integration we get 


ImS' = 7r[M2 - (M - ujf + M^/M^ - - {M - - ujf - a'^ - {Q - q)^ - ^(Q^ - (0 - g)^)](34) 


= --^^Sbh- 

In fact, if we bear in mind that 


we easily get 


T' = 


\/M'2 - a2 - Q'- 


47r(M'2 + -a^ -Q'^ - \Q’'^) ’ 


1 

T 


{dM' - V^dQ' - n'HdJ') = dS'. 


(35) 


(36) 


(37) 


That is, (I35II is a natural result of the first law of black hole thermodynamics. 
The tunnelling rate is therefore 


r ~ exp[—2Im5'] = e 


ASst 


(38) 


Obviously, the emission spectrum ll^ deviates from the pure thermal spectrum but consists with an underlying 
unitary theory and takes the same functional form as that of uncharged massless particles. 


IV. CONCLUSION AND DISCUSSION 

With the Parikh-Wilczek tunnelling framework. We calculated the emission rate of a charged particle tunnelling 
from the Kerr-Newman black hole. The result supports Parikh-Wilczek’s conclusion, that is, the corrected spectrum 
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is not perfect thermal but the information is conserved during the emission process. Our calculation also indicates 
that the emission process satisfies the first law of black hole thermodynamics. In fact, the first law of black hole 
thermodynamics is a combination of the energy conservation law, dM — VqcLQ — f2//d J = AQh (where Qh denotes heat 
quantity), and the second law of thermodynamics, dS” = The equation of energy conservation is suitable for any 
process (reversible or irreversible process). But the equation dS” = is only true for a reversible process. For an 
irreversible process, dS” > That is, Parikh-Wilczek tunnelling framework has treated the emission process as an 
reversible process. In this treatment, the black hole and the outside approach an thermal equilibrium. There is an 
entropy flux dS = between the black hole and the outside. As the black hole radiate, the entropy of the black 
hole decreases, but the total entropy of the black hole and the outside is constant, and the information is conserved. 
Therefore, the information conservation is a natural result of the reversible process and the first law of black hole 
thermodynamics. 
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